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Thermal Equilibrium 

• Thermal Equilibrium:  All individual masses within a closed 
system have the same temperature 

• Thermal energy is transferred by: 

– Conduction  

• Direct contact of solids 

• Fast heat transfer 

– Convection 

• Transfer through gases/liquids of significant 
distance 

• Slow heat transfer 

– Radiation 

• Heat transfer by EM field alone 

• Radiator must also be capable of absorption 
 



Radiating Bodies 

• Consider a radiating mass 

• The probability distribution that an atom has a discrete energy, Ei, is given by the Boltzmann 
Equation: 

 

• Where Boltzmann's constant, KB, is  

• The probability is normalized by summing all of the individual atomic energies to 1 

 

 

• The total number of atoms in a particular energy state is therefore: 

 

 

• If the material were a solid with continuous bands of energies defined by a Density of States: 

 



 

• If the material were a solid with continuous bands of energies defined by a Density of States: 

 

 

• Normalization of the various states requires: 

 

• Allowing one to determine solve for the constant and provide the DoS as: 

 

• Again, solving for the total number of atoms with continuous energy bands requires that N(E) be 
normalized such that: 

 

 

• Where: 

 

Radiating Bodies 



 

• Advancing on this logic, one can compute the ratio of atoms in two various states, Eu and El 
where ∆Eul =  Eu-El: 

 

 

 

• Note that this solutions holds well for two discrete states similar to that found in gases  

 

• Or in terms of a dense solid material with continuous energy bands as: 

 

 

 

• It is important to note that this discussion of radiative states requires that thermal equilibrium 
not only macroscopic temperature dependent but also equilibrium of allowed quantum states 
within the materials (the vibrational and energies allowed within the atomic structure of the 
material). 

 

 

 

Radiating Bodies 



 

• Determine the temperature required to excite electrons of atoms in a solid to energies capable 
of producing visible radiation. 

 

• Typical density of a solid:  N =  

• At room temperature: 

• Visible radiation present between λ =  400 and 700 nm. 

• The energy band associated with those wavelengths is 3.1 eV to 1.7 eV respectively 

 

• Lets assume an energy, E = 1.7 eV 

 

 

 

• Thus, there are essentially no atoms in this temperature range from which visible light radiates 

 

• Thus……           No thermal radiation in the visible spectrum will be 
emitted from a solid surface at room temperature  
 

 

Radiating Bodies: Example 



• SO……………..  Let us examine different temperature ranges 
 

 

 

 

 

Radiating Bodies: Example 

Temperature of the Sun 

10 atoms in a billion radiate visible light  
still a sizeable number 

Nearly 10% of all the atoms radiate visible light 



Thermal Equilibrium 

• Two effects should be considered when examining thermal radiation 

– Stefan-Boltzmann Law 

– Wien’s Law 

 

• Stefan Boltzmann Law:  Power density (intensity)emitted by a radiating body is proportional to 
the forth power of the temperature: 

 

• Stefan-Boltzmann constant 

• eM is the emissivity of the material in question which varies from zero to 1 

• The emissivity represents the ability of the body to radiate efficiently and is directly associated 
with its ability to absorb radiation 

 

• Wien’s Law: States that the wavelength at which the maximum emission of any material occurs 
is limited by the following relation: 

 

• Wien’s law is effectively balances the steep rise in intensity predicted by Stefan Boltzmann by 
providing an upper bound  to the total emission 

 



Radiation Spectrum  
of a Heated Source 

• The spectrum shown is that of a blackbody 
emitter at various temperatures.  The 
intensity, I, is relative based on the three 
temperatures presented 

 



Irradiance and Radiance 
• Take two materials separated by a vacuum that comprise a complete thermodynamic 

system, M1 and M2 

• M1 is at temperature T1    M2 is at temperature T2 > T1 

• M2 will radiate energy to M1 to bring the system to an intermediate temperature T3 where   
T1 <T3 < T2 

 

• When M1 and M2 are at the same temperature then they are said to be in equilibrium.  

• Even at T3, the materials will radiate energy based on the thermal emission spectrum 
presented using the Stefan-Boltzmann and Wien’s laws 

• However, the temperature of the system does not change.  This occurs b/c both M1 and 
M2 will absorb the same amount of energy that they emit. 

• Thus the irradiance (intensity I1) of energy on M1 must proportional  to the radiance 
(intensity H1) leaving M1  and likewise for M2. 

 

• If the proportionality constant,                  represents the fraction of power absorbed by M1 

• The total irradiance present in an equilibrium system must equal the total radiance on 
other components: 

 

• The radiation fraction absorbed by others is therefore equal to the emissivity of the 
radiator.  This relationship is known as Kirchhoff's Law of Thermodynamics 

 



Blackbody 

• The total irradiance present in an equilibrium system must equal the total radiance on 
other components: 

 

• The radiation fraction absorbed by others is therefore equal to the emissivity of the 
radiator.  This relationship is known as Kirchhoff's Law of Thermodynamics 

• In an ideal absorber, b = eM =  1 which by definition also denotes an ideal emitter. 

• Such an absorber would be black because it would perfectly absorb the light incident upon 
it.  Thus we denote the concept as a Blackbody. 

• Note that a blackbody is also the best emitter possible for any body of emitting thermal 
radiation. 

• If such a body was placed in a cavity at thermal equilibrium, then it would radiate an 
intensity and frequency distribution that is characteristic of thermal radiation within the 
medium because the radiance  = thermal radiation (irradiance) within the cavity. 

• Thus one can think of a blackbody as a cavity emitter. 

 



Cavity Radiation 

• Cavity:  enclosure in which the electromagnetic waves supported within are bound to zero 
at the boundaries 

• Thus, only specific oscillations exist in the form of standing waves supported by the 
boundary conditions 

• The allowed standing waves within the system are known as cavity modes. 

 

Allowed modal values are therefore 

The mode number for each direction is 



Cavity Radiation 

• For a three dimensional volume: 

 

Number of allowed modes, M, is expressed by 

Volume defined by a mode oscillation 

Mode density: 

Number of modes per unit volume: 



Rayleigh-Jeans Formula 

• Energy density of radiation within a cavity is defined by the thermal energy times the 
number of allowed modes in the volume: 

 

 

 

 

• This rule agrees with experiments at low frequencies 

• Does not predict the experimentally observed maximum value for temperature at high 
frequencies.  Instead, it predicts a value of infinity which does not support a closed form 
solution of thermodynamics. 

 

• This value caused great concern for Max Planck in the early 20th century who proposed that 
quantized energy modes in the form of E = mhν where m = 0, 1, 2, 3 …  coupled to 
Boltzmann's distribution function could indeed compensate for the solution to thermal 
energies above the experimental cut-off. 



Planck’s Correction for Raleigh Jeans 

• Raleigh Jeans goes to infinity as T does: 

 

• Planck applies  quantized Boltzmann: 

• Normalizes it and solves for the constant: 

 

 

• E is therefore found as: 

 

 

 

 

 

 

• Raleigh Jeans can therefore be modified based on quantum statistics to obtain the energy 
density  per unit frequency as: 

 

 

 



Planck’s Correction for Raleigh Jeans 

• Planck’s corrected formula  

 

 

• Predicts a peak energy density at a given frequency  that is well matched to experiments 

• It also predicts a decline on both values of the peak that are also matched experimentally 

• Finally, one could integrate Planck’s correction formula to find the total energy density over 
all frequencies as a bound value, because it does not veer off to infinity as T does. 

 

 

• It can also be shown that this integration leads directly to the solution defined by the 
Stefan-Boltzmann law for low temperatures. 

 



Comparing Cavities and Blackbodies 

• Let us return to the concept of two masses at 
equilibrium.   Assume the low temperature mass 
has a small hole imbedded on one side.   

• Inside the hole one will note a small amount of 
radiation intensity I(v) for all light frequencies 
exiting the hole.  Thus, the hole is a cavity! 

• The cavity described will have an energy density 
u(v) and thus, one can calculate the total flux 
emerging from the cavity at any frequency, v. 

 

 

 
In a vacuum: 

In a media: 



Comparing Cavities and Blackbodies 

• Cone angle dependence:   

 

 

 

Spectral radiance of a blackbody as a 
function of temperature 
 
 
Look Familiar?!?!?!?! 

Note:  θ Is in radians,  NOT degrees 



Wavelength Dependence of Blackbodies 

• From the radiance eqn: 

 

 

 

 

 

 

 

 

 

 

 

• Total radiance emitted from the surface of the blackbody within a spectral range ∆λ:   

 

 

 

Where: 



Absorption and Stimulated Emission 

• Stimulated emission suggested by Einstein in 1917 
while considering Planck’s law for cavity radiation 

• In equilibrium, the total number of particles leaving 
a certain quantum state per unit time equals those 
arriving 

• Furthermore, those particles leaving by a particular 
mechanism and direction must equal those arriving 
by said mechanism  i.e. microscopic reversibility 

– Conservation of energy 

– Conservation of momentum 

 

• Thus if a photon can stimulate an electron to move 
from state l to state u by absorption then a photon 
should also be able to stimulate and electron from 
state u to state l. 

 

 

 

 



Absorption and Stimulated Emission 

• In the case of absorption the photon disappears as 
its energy is transferred to the absorbing electron 

• Therefore in the case of simulation, the species 
would have to radiate an additional photon to 
conserve energy. 

• Thus the stimulated emission process must occur in 
order to keep the population of  the two energy 
levels in thermal equilibrium (if the equilibrium is 
indeed determined by cavity radiation) 

• Einstein therefore recognized that the absorption 
and stimulated emission of light must be associated 
in some way with the Planck Law for radiation in 
thermal equilibrium 

• To balance the mechanisms and direction of the 
equilibrium condition for the case of stimulated 
emission, the additional photon is emitted at 
exactly the same frequency (conservation of 
energy) as that of the incident photon and in 
exactly the same direction and phase 
(conservation of momentum) 

 

 



Absorption and Stimulated 
Emission Coefficients 

• Let us use this concept established by Einstein to derive the statistics associated with absorption 
and stimulated emission 

• Assume that atoms are in thermal equilibrium with each other and must therefore be related by 
quantized Boltzmann statistics: 

 

 

 

 

 

 

• The number of spontaneous transitions between u and l per unit time per unit volume: 

• We have also suggested that stimulated processes should occur that would be proportional to the 
photon energy density in the cavity, u(v), defined by the frequency between the two states vul 

• Let us assume that the proportionality constant of stimulated transitions is B, then the upward 
flux of transitions would be: 

• Likewise the downward flux would be:  

• Conventionally, one defines Aul , Bul , Blu as the Einstein A and B coefficients 

• The state populations Nu and Nl are the radiative thermal equilibrium 

 

 



Absorption and Stimulated 
Emission Coefficients 

• The statistical balancing equation is written as: 

 

• Yielding: 

 

• Applying quantized Boltzmann Statistics to the solution, we can divide both the numerator and 
denominator of the right side by Nu and then use the ratio for Nu/Nl to obtain: 

 

 

 

 

 

 

• The equivalency is solved if: 

 

 

 

 

 

Where: Cavity resonator 



Absorption and Stimulated 
Emission Coefficients 

• Let’s now apply our damped radiative decay equation from chapter for to Aul 

 

 

 

 

 

• Redefining  transition constant: 

 

 

• Yields: 

 

 

• Which are satisfied at all frequencies IFF: 

• Providing the simple ratio of stimulated to spontaneous emission as: 

 

 

 

 



Natural Stimulated Emission 

• A simple examination of the this ratio,                                                             ,                                          
reveals some interesting insight 

 

• Stimulated emission places a significant role only for temperatures in which kT is > the energy of 
order of the photon energy. 

• The ratio of unity occurs when 

 

• For visible transitions in the green order of the spectrum, ( E =2.5 eV), stimulated emission would 
become dominant at a temperature of 33,500 K.   Thus one expects that spontaneous stimulated 
emission in naturally occurring thermal equilibrium should be prominent in stars or dense 
plasmas, but not in ordinary systems.  

• In a low-pressure plasma, radiation can readily escape (no stable equilibrium) so there is no 
opportunity for the radiation density to build to the value where stimulated decay rates are 
comparable 

• However,  a laser uses reflection to increase radiation density to the point in which the ratio of 
stimulated to radiative emissions is significantly greater than 1. 

 

 

 



LASER:  Example of Stimulated Emission 

• A He-Ne laser operates at 632.8 nm with an output power of 1 mW and a beam diameter of 1mm 

• The beam passes through a mirror cavity that is 99% reflective and 1% transmissive at the 
emission wavelength 

• What is the stimulated emission ratio                                for this laser? 

 

– Laser frequency: 

 

– Stimulated emission ratio: 

 

 

 

 

 

 

 

 

 

 



LASER:  Example of Stimulated Emission 

• A He-Ne laser operates at 632.8 nm with an output power of 1 mW and a beam diameter of 1mm 

• The beam passes through a mirror cavity that is 99% reflective and 1% transmissive at the 
emission wavelength 

• What is the effective blackbody temperature of the radiance from the cavity? 
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